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Near-Optimal Low-Thrust Earth—-Mars Trajectories

via a Genetic Algorithm

Bradley Wall* and Bruce A. Conway"
University of lllinois at Urbana—Champaign, Urbana, Illinois 61801

A genetic algorithm is used to determine several types of Earth—-Mars trajectories, with the objective of maxi-
mizing payload delivered to Mars. The trajectories have three phases: Earth escape, heliocentric flight, and arrival
into low Martian orbit. The actual planetary orbits are used with one approximation: Mars’s very small orbit
inclination to the ecliptic plane is ignored. Impulses provided by chemical rockets are used for Earth departure
and capture into orbit about Mars. The optimizer chooses the magnitude and direction of the impulse explicitly
for the departure from Earth and implicitly, by choosing the hyperbolic excess velocity vector, for the arrival at
Mars. The heliocentric flight uses low-thrust nuclear—electric propulsion; cases with continuous thrust and cases
in which a coasting, that is, a no-thrust phase, is allowed are both considered. The continuous time history of the
thrust pointing angle is modeled using a sequence of cubic polynomials whose coefficients become parameters of
the genetic algorithm’s chromosome. The fitness function of the genetic algorithm is dynamic; it first forces the
spacecraft to arrive within the Martian sphere of influence. With that accomplished, it then emphasizes optimizing

final mass.
Nomenclature VooyMars = velocity of spacecraft with respect

a = semimajor axis of an orbit to Mars velocity
¢ = effective engine exhaust velocity of the ith stage B = thrust pointing angle
e = eccentricity of an orbit Am; = mass required for the ith stage
g = Earth’s gravity constant, 9.806 m/s AV; = velocity change produced by the ith stage
Iy = specific impulse of the electric engine £ = structural coefficient of spacecraft stage
l = mean longitude of an orbit, @ + M 0 angle of hyperbolic excess velocity with
M = mean anomaly of an orbit, n - ¢ respect to Earth’s velocity
Mpayload mass of payload delivered into Mars orbit 1% = gravitational constant for central body of a system
Mpower mass required for nuclear power producing unit Q = longitude of the ascending node of an orbit
Mpropellanti spacecraft propellant mass for ith stage 0} = argument of periapsis of an orbit
Mymewrei =  Spacecraft structural mass for ith stage o = longitude of periapsis of an orbit, 2 + w
Mihruster = mass required for thrusters and supporting

subsystems .
my = initial spacecraft mass, 18,000 kg Introduction
m = mass flow rate of electric engine OW-THRUST engines, that is, engines with thrust accelera-
n = mean motion of an orbit, /u/a> tions of less than 0.01 g, have recently begun to prove their
P = power provided to electric engine usefulness for spacecraft propulsion. The successful Deep Space 1
P = equinoctial element, e - sin (@) spacecraft was the first to use this technology as its primary propul-
P, = equinoctial element, ¢ - sin (&) sion system. Launched on 24 October 1998, it was designed to test
R = perturbing acceleration in the radial direction new technologies including a low-thrust xenon ion propulsion sys-
Tse = radial distance from the sun to the spacecraft tem. The engine operated for 677 days. By operating continuously,
rsor = radius of the Mars sphere of influence often for many months, low-thrust engines accelerate a spacecraft
T oo/ Mars = spacecraft radial distance from Mars following to the same final velocity as a chemical rocket engine. When low-

heliocentric flight thrust engines are used for a spacecraft trajectory, a continuous con-
T = perturbing acceleration in the tangential direction trol history, that of the thrust pointing angle, is introduced. When
T, = thrust acceleration magnitude numerical optimization is used to determine the optimal control, the
Tese = electric engine efficiency methods used, whether direct or indirect, require good initial guesses
t = time to converge to a solution.! In contrast, a genetic algorithm (GA), as
ty = heliocentric time of flight used here, uses the evolutionary ideas of selection, crossover, and
ti = time increment mutation to evolve from a completely random population of initial
ton = length of time that the low-thrust electric guesses to a near-optimal solution, that is, a solution that may be

engine is on optimal but does not satisfy analytic necessary conditions.?
Vooygan = hyperbolic excess velocity GAs have previously been used to optimize low-thrust interplan-
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etary trajectories. In research by Rauwolf and Coverstone-Carroll?
the object was to reproduce closely the analytical solution used as an
example in a text by Bryson and Ho* for a transfer from Earth orbit
about the sun to Mars orbit about the sun. A model with circular
Earth and Mars orbits was considered. The control used employed
10 discrete thrust pointing angles, equally spaced in time. Rauwolf
and Coverstone-Carroll were able to find a near-optimal low-thrust
trajectory solution qualitatively similar to the example in Ref. 4.
Using an advanced GA operator called a micro-GA, Coverstone-
Carroll® considered the same problem. Using both equality and in-
equality constraints on the terminal conditions, Coverstone-Carroll



1028 WALL AND CONWAY

compared results with a traditional GA with one that included the
micro-GA operator. Improved results were shown when the micro-
GA operator was used with inequality constraints.

Tang and Conway® considered a low-thrust Earth-to-Mars trans-
fer, including Earth departure and Mars arrival orbits. This was
done using a patched-conic approximation connecting three phases
of flight: Earth-centered low-thrust escape, heliocentric flight with
continuous thrust, and Mars arrival and orbit circularization. A di-
rect collocation method was used to solve the optimization problem
for minimum time to Martian orbit. Coplanar circular orbits for
Earth and Mars were assumed. Tang and Conway reported diffi-
culty in finding an initial guess that converged to a globally optimal
solution.

Problem Statement

The problem considered is optimization of an Earth—-Mars tra-
jectory including three phases: Earth escape, a low-thrust heliocen-
tric trajectory, and Mars arrival. The objective of this work is to
demonstrate the suitability of the GA method for finding approxi-
mate optimal interplanetary trajectories for a realistic model. Note
that the problem can certainly be treated with extant, highly accu-
rate methods. In fact, a qualitatively similar problem is solved, using
collocation and nonlinear programming, by Tang and Conway.® The
advantage of the GA approach is that it is simpler to implement and,
unlike the more accurate methods, requires no a priori information
about the optimal trajectory.

The goal of the trajectory optimization is to maximize payload
delivered from low Earth orbit (LEO) to low Mars orbit (LMO).
It is assumed that the spacecraft has an initial mass of 18,000 kg
in a circular LEO with an altitude of 350 km. The orbit and mass
reflect the performance of a current Delta IV rocket.” Impulses from
rocket engines having an Iy, of 408 are used for Earth departure
and LMO insertion. The LMO is assumed to be at an altitude of
500 km. Low-thrust electric engines are used during the heliocentric
trajectory. Each of the empty stage masses is jettisoned after use.
The patched conic method is used to join the three phases. The GA
optimizer is allowed to find the best launch date, the magnitude and
direction of the departure impulse, the heliocentric time of flight, the
thrust pointing angle time history of the low-thrust engine during
heliocentric flight, and the timing and duration of a heliocentric
coast arc if one is optimizing. Eccentric Earth and Mars orbits are
used with planetary positions found using an ephemeris.® However,
it is assumed that the orbits of Earth and Mars are coplanar, that is,
inclination is zero; this is not a bad assumption because the orbits
are inclined by only 1°51".

Current technology estimates for mass required for the vehicle
structure, that is, for the structural coefficient, and for all of the
equipment, for example, the power-producing unit, required by the
electric propulsion system are used.’~!! The low-thrust engine used
is a combination of 10 xenon ion thrusters with a specific impulse
I, of 4110s and requiring a total constant power P of 69.9 kW
(Ref. 10). A nuclear reactor power source is assumed to produce
constant power P to the engine. The mass of the power system is as-
sumed proportional to the power required, that is, it is determined as
26.4 (kg/kW) - P (Ref. 11). For 69.9 kW of required power, this gave
a mass of 1845 kg for the power system. Masses for the thrusters
themselves, as well as the supporting systems, including the tank
holding the xenon propellant, the tubing substructure, and the sup-
porting structure, are also assumed to have a total mass proportional
to the power required,'! as 2.5 (kg/kW) -P. This provided a mass
of 175 kg for the thrusters and supporting substructures, resulting
in a total structural mass of 2020 kg for the electric propulsion sys-
tem. Optimal trajectories are found for several assumed low-thrust
engine efficiencies, from 68 to 80%, where efficiency is defined
as the ratio of thrust produced to the theoretical maximum thrust,

Governing Equations

The time rate of change equations for the Keplerian, or classical,
orbital elements e, €2, and w have singularities at an inclination of
zero and at an eccentricity of zero. These conditions would cause

difficulty in the numerical integration because there is no orbit in-
clination and the transfer orbit initially has very little eccentricity,
approximately equal to that of Earth’s orbit, 0.0167 (Ref. 9).

To avoid this problem, two equinoctial elements, P, and P, in-
troduced by Lagrange, are used (see Ref. 12). The angular orbital
element used is the mean longitude £. The time rates of change
equations for semimajor axis a, elements Py, P, and £ as functions
of radial and tangential thrust accelerations R and T, respectively,
are due to Battin.!> The final equation of motion defines the time
variation of thrust acceleration:

—T,=—* (e))
c

where T, is the magnitude of the thrust acceleration and c is the
effective engine exhaust velocity. The radial and tangential compo-
nents of the thrust acceleration are then determined by the thrust
pointing angle, that is,

R =T, sinB 2)
T =T, -cosp 3)

So that the numerical values for the time rates of change of all
five variables, a, P;, P,, ¢, and T,, remain small, a new set of
canonical units is introduced. The semimajor axis is expressed in
a distance unit (DU) equivalent to the astronomical unit (AU) of
1.496 x 10® km. The sun’s gravitational constant j is defined as
IDU3/TU?, so that the period of a circular orbit at 1 DU is 27
time units (TU). Thus, 1 TU = 58.135 days. The use of these units
makes all of the state variables and their time rates of change ap-
proximately the same order of magnitude. This makes for efficient
numerical integration of the system variational equations by the
ordinary differential equations (ODE) subroutine.'3

GA Parameters

The heliocentric trajectory includes a continuous thrust pointing
angle time history. Tang and Conway® showed that the optimal thrust
pointing angle for a heliocentric flight could be represented using a
single cubic polynomial. However, to better approximate the thrust
pointing angle time history, a sequence of three cubic polynomials
placed end to end is used in this work. To maintain simplicity, only
the two cubic polynomials at the beginning [S;(¢)] and end [S5(¢)]
were chosen by the GA. The eight coefficients required were GA
parameters. The third cubic [B,(¢)] connects these two cubic poly-
nomials. This third cubic is constrained to be continuous in value
and in slope, and so it is determined from the terminal condition
of B;(#) and the initial condition of B3(¢), that is, it is found only
implicitly by the GA.

The heliocentric flight phase was divided into 100 time increments
ti. The cubic for B, (¢) is centered at time step 24 and the cubic for
B (t) at time step 76. The cubic for B,(¢) spans from time step 48
to 52. This produced a completely continuous thrust pointing angle
time history using only eight GA optimization parameters. Figure 1
shows an example thrust pointing angle time history by using the
following equations:

Bi(t) =ay - (t —24-1i)}

dar- (=24t +ay-(t —24-1)) +ay 4)
Bo(t) =by -3 +by - 12+ byt +by 5)
Bi(t) =cy - (t — 76 ti)}

de- (=761 4¢3t =76-t)+ca 6)

The cubic coefficients were bounded so that the thrust pointing angle
was bounded between s (Table 1).

In this test, near-optimal trajectories were obtained for three cases,
a no-coast case in which the thrust is always on; a one-coast case
in which the thrust is on for some span of time following Earth
departure, then turned off for a span of time, and then turned on again
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Table 1 GA inputs for all three cases®

No. Parameter Lower bound Upper bound Possibilities ~ Resolution
1 Time of flight 77, day 1 512 512 1
2 Time of launch, day 0 1023 1024 1
3 0, rad 0 /2 4 /6
4 Veo/Earth» DU/TU 0 0.03 4 0.01
5 First cubic coefficient a;
6 First cubic coefficient ap
7 First cubic coefficient a3 -/
8 First cubic coefficient a4 [0.24%tp)3 7 /[(0.24%¢ )3
9 Third cubic coefficient ¢; + (0.24"‘1]0)2 + (0.24*t_f)2 32 N/A
10 Third cubic coefficient ¢; +0.24%¢p+1] +0.24%p+1]
11 Third cubic coefficient ¢3
12 Third cubic coefficient ¢4
13 Time of first thrusting arc, day 1 128 128 1
14 Time of second thrusting arc, day 1 128 128 1
la Time of flight 77, day 1 512 512 1
2a Time of launch, day 0 1023 1024 1
3a 0, rad 0 /2 4 /6
4a Vioo/Earth» DU/TU 0.0 0.256 256 0.001
#Parameter inputs for the no-coast (1-12) cases, one-coast cases (1-14), and two-impulse cases (1a—4a).
3 Cubic 1
! ubic 2400
2 /':_ i - -« - - Cubic2 H] fual
= 1 — : — — -Cubic3 2300 H =y =) o]
T o Fig. 1 Example of contin- o
5 0 v uous thrust pointing angle v 2200
%ﬂ -1 Lt —— produced from three cubic 2 2100 —— no-coast
s polynomials. = —F=— one-coast
2 d 2 2000
30 20 40 60 80 100 = 1900
Time Increment
1800 1 a &
o - o~ < o 0 s
until Mars is reached; and a conventional two-impulse case, that is, g S S = S = S

using no low-thrust propulsion, only one impulse for Earth departure
and one for LMO insertion. Trajectories for the one-coast case were
obtained because a trajectory including a coasting arc was believed
to be beneficial. All cases include a GA optimization parameter
time of flight representing the heliocentric flight time. The one-coast
case included two additional parameters, length of first thrusting arc
and length of second thrusting arc. These parameters were chosen
because it was likely that they would vary independently of the
parameter time of flight. This parameter-independent behavior is
beneficial to a GA optimizer.

Fitness Function

The fitness function is an integral part of the GA. The defini-
tion of this function, by which every individual was evaluated, had
two objectives: 1) to assure feasible trajectories, those in which the
spacecraft is within the sphere of influence (SOI) of Mars after the
heliocentric phase; and 2) to maximize payload mass into LMO. The
following equations defined the fitness function used to accomplish
this:

If Too/Mars < T'SOI, then fitness = — [(m() - mpayload)/m()] @)
else fitness = — [(mo - mpayload)/mo] + [(roo/Ma.rs - "501)/"301]
®)

where m is the initial spacecraft mass and 7. mars and rsop are
the position of the spacecraft with respect to Mars at the end of the
heliocentric flight phase and the radius of the Martian SOI, respec-
tively, both in units of Martian radii.” The GA attempts to maximize
the fitness function. Clearly, the position term will dominate at first,
forcing the GA to find trajectories that end within the SOI of Mars.
Note that all possible trajectories have a fitness greater than —1.

A random number generator determined the initial population,
that is, no initial guess is required. The total length of the chromo-
some is 63 binary digits for the no-coast case and 77 for the one-
coast case. Numerical experiments with varying population sizes,

(s}

= = >
Engine Efficiency

Fig. 2 Payload comparison for all low-thrust cases.

between 50 and 300 individuals, crossover probabilities between 30
and 80%, and mutation probabilities between 0.1 and 0.5% were
tried. However, the best results were obtained using a population of
150 individuals and probabilities of crossover and mutation of 50
and 0.5%, respectively.

Payload values within 10% of the solution after 15,000 gener-
ations were obtained after just a few hundred generations, but it
was desired to see a GA solution show no improvement for at least
1000 generations before the solution was accepted as a near-optimal
solution.

Results

In this section we compare the payload mass delivered to Mars for
the three cases considered; no-coast, one-coast, and (conventional)
two-impulse case. We also note the similarities and differences in
the respective trajectories and thrust pointing angle time histories.
Table 2 presents a direct comparison of the no-coast and one-coast
cases (at engine efficiencies of 0.68 and 0.80). Table 2 also includes,
in its fifth column, a direct comparison to the two-impulse transfer.

A comparison of the payload mass delivered into Martian orbit
between the no-coast and one-coast cases shows an approximately
500-kg increase in payload for the one-coast cases vs the comparable
no-coast cases (Fig. 2). This payload increase is almost entirely due
to propellant mass saved during the heliocentric phase. The two-
impulse trajectory yields the greatest payload, 2694 kg. Whereas
the addition of the low-thrust engines to the heliocentric trajectory
saved a significant amount of mass in phase 3, that is, Mars arrival,
compared to the two-impulse case, it did not offset the cost of the
mass of the power system and substructure used during the helio-
centric trajectory, 2020 kg. Therefore, implementing a low-thrust
trajectory is only optimal if the low-thrust engine is used for two or
all three phases of the trajectory, that is, Earth arrival, heliocentric
flight, and Mars arrival.
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Table 2 Comparison of the no-coast and one-coast low-thrust trajectories with the two-impulse solution

Case One-coast No-coast One-coast No-coast Two-impulse
Power/engine, W 6,990 6,990 6,990 6,990 N/A
Ip, s 4,110 4,110 4,110 4,110 N/A
Tefr 0.68 0.68 0.80 0.80 N/A
m/engine, kg/s 5.85E—-06 5.85E—-06 6.88E—06 6.88E—06 N/A
c1, km/s 4 4 4 4 4
¢, km/s 40.31 40.31 40.31 40.31 N/A
c3, km/s 4 4 4 4 4
Total thrust, N 2.36 2.36 2.77 2.77 N/A
AVy, km/s 3.19 322 3.19 3.22 3.43
AV,, km/s 4.87 8.33 5.26 9.23 N/A
AV3, km/s 1.48 1.68 1.40 1.63 2.43
Total AV, km/s 9.54 13.24 9.85 14.08 5.86
Time to launch, days 352 384 352 384 373
Time of flight 77, days 304 232 321 216 252
Time of arrival, days 656 616 673 600 625
Coast trajectory, days 161 0 190 0 252
Thrusting days, fon 143 232 131 216 N/A
Veo/Earth, Km/s 0.30 0.89 0.00 0.89 2.32
0, deg 90 30 90 30 0
Voo/Mars, km/s 0.99 1.72 0.47 1.56 332
Amy, kg 11,643.30 11,720.52 11,633.58 11,720.52 12,200.82
Amgy, kg 2,743.14 3,193.10 2,799.30 3,304.92 N/A
Ams3, kg 1,312.36 1,244.22 1,236.97 1,168.90 3,105.52
Total Am, kg 15,698.80 16,157.84 15,669.85 16,194.34 15,306.34
Initial 7,,, g 3.78E—-05 3.83E—-05 4.44E—-05 4.51E-05 N/A
Mpayload> KE 2,301.20 1,842.16 2,330.15 1,805.66 2,693.66
Mgtructurel » K 1,746.49 1,758.08 1,745.04 1,758.08 1,830.12
Mpropellantl » KE 9,896.80 9,962.44 9,888.55 9,962.44 10,370.70
Mstructure2 > K 2,020.11 2,020.11 2,020.11 2,020.11 N/A
Mopropellant2» KE 723.00 1,172.99 779.21 1,284.81 N/A
Mgtructure3 > K 196.85 186.63 185.55 175.33 465.83
Mpropellant3» Kg 1,115.51 1,057.59 1,051.42 993.56 2,639.69
g1 and &3 0.15 0.15 0.15 0.15 0.15
& 0.74 0.63 0.72 0.61 N/A
T'00,/Mars ("'Mars) 150.18 165.11 162.00 164.87 121.51
Flight angle flown through, deg 227.06 169.85 237.77 160.23 186.48
1.4
?ﬁ 13 / , \ 0.80 no-coast
Z / = 2 7/ | — — - 0.68 no-coast
P \ £ 7
i - =
= 1.1 y — 0.68 no-coast fn 0 ~
9 / — = (.68 one-coast - —
----- two-impulse = B o
1 S
1 2 3 4 5 6 7 \ /
. I~ /
a) Time (TU) £ -2 _ v / “
03 0.68 no-coast -3 : ! :
—— - 0.68 one-
0.25 /"\\ ..... ?ﬁ&;uffem 0 05 1 15 2 25 3 35 4
> 02 \ a) Time (TU)
3 cof i Nk
£ 0.15 AY
=/ \ | —
S 0.1 / \ .80 one-coast
o / N\ 0.8 ]
0.05 / — — -0.68 one-coast
/ \ 0.6 >
0 I \
0 1 2 3 4 6
b) Time (TU)

0.4
\ T ,
02 L //

Fig. 3 Time histories of a) semimajor axis and b) eccentricity.

thrust pointing angle (rad)

0
Notein Fig. 2 that there appears to be no relationship between pay- //
load mass and engine efficiency when one would logically conclude -0.2 7
payload mass should increase with increasing engine efficiency. 04
However, the results are similar, and only small percentage changes 0 1 2 3 4 5 6
in the results would be required to yield the expected dependence. b) Time (TU)
That is, it is likely that the small differences between the solutions
obtained and the true optimal solutions are sufficient to conceal the Fig. 4 Thrust pointing angle time history of two select a) no-coast and

expected small dependence of payload mass on engine efficiency. b) one-coast cases.
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Fig. 5 Sample one-coast trajectory.

Figure 3 shows semimajor axis and eccentricity time histories for
selected trajectories. Note the initial difference in semimajor axis
and eccentricity between the no-coast and one-coast cases. This dif-
ference can be related to an observed difference in time to launch
for these trajectories. The greater time-to-launch parameter for the
no-coast trajectories causes the trajectory to begin closer to the aphe-
lion of Earth’s orbit. Because the spacecraft position must initially be
equal to that of Earth and because all of the trajectories are initially
similar, there is an observed initial increase in semimajor axis and
eccentricity, 0.057 AU and 0.055, respectively. It is also observed
that the time rates of change for the semimajor axis and eccentricity
on the initial and terminal arcs are similar for both the one-coast and
no-coast trajectories, despite the qualitatively different thrust point-
ing angle time histories (Fig. 4). Note that the time rates of change of
the semimajor axis and eccentricity increase for increasing engine
efficiencies. Figure 5 shows a sample one-coast trajectory found by
the GA.

Conclusions

The GA is capable of optimizing a Mars mission of respectable
fidelity, that is, one including a departure from LEO and arrival
into Martian orbit and using ephemerides to locate the planets as
a function of time. The GA generates reliable results; it creates
similar trajectories with comparable payload masses for all of the
no-coast and one-coast cases, respectively, as well as a two-impulse
trajectory that is similar to a Hohmann transfer, that is, one in which
the direction of Vo gum is essentially parallel to Earths velocity
and the flight angle flown through is close to 180 deg. The method
of parameterizing a continuous control history by representing it

as a sequence of polynomials in time works well and economizes
on the number of GA parameters required. Note that the results
presented are near-optimal solutions. However, these near-optimal
solutions are sufficiently good that they could provide initial guesses
for indirect or direct methods capable of more precise solutions.
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